In view of the growing interest in molecular orbitals (MOs) encountered in certain complex oxides, we review some of their properties from the band theory perspective and provide detailed examples based on real materials. Our discussion includes some technical aspects of identifying MOs in electronic structure calculations and considers cases when MOs can be both orthogonal and non-orthogonal. We also describe orthonormalization of MOs, a procedure converting them into Wannier functions, and discuss the problem of Wannier functions possibly being rather spatially extended and how using MO, rather than atomic orbital, based effective Hamiltonians might be a better choice in describing certain strongly correlated systems as well as systems with strong electron-phonon coupling. Furthermore, we address the problem of strongly correlated MOs and how it can be treated in band theory calculations.
Introduction
Ligand molecular orbitals (MOs) have been recognized as important players in the physics of transition-metal compounds since the introduction of the Zhang-Rice singlet back in 1988 [1] . They have recently gained a renewed interest after the concept of oxygen MOs strongly coupled to lattice degrees of freedom in a polaronic way was used to describe rare-earth nickelates [2] [3] and superconducting bismuthates [4] [5] [6] . Ligand MOs are particularly important in negative charge-transfer and hole-doped charge-transfer insulators, where of-more interest in the future, the current paper will present a band theory perspective on some important aspects of MOs in complex oxides, including the mathematical construction of MO-based basis sets (Section 2), the non-orthogonality problem (Section 3), their usage in effective models in the presence of strong electron-phonon coupling (Section 4), as well as the problem of a proper treatment of strong local correlations on MOs (Section 5); conclusions will be given in Section 6. Each part of the discussion will include a detailed example of a real material.
Projecting Electronic States onto Molecular Orbitals (NaNiO2 as an Example)
Let us consider the prototypical negative charge-transfer insulator NaNiO 2 as our first example. Its monoclinic C2/m crystal structure consists of triangular layers of edge-sharing cooperatively elongated NiO 6 octahedra intercalated with Na + ions, with one formula unit per primitive unit cell [16] . Although here Ni has a formal valency of 3+, spectroscopic studies clearly show the abundant presence of oxygen holes which suggest an actual electronic configuration of Ni 2+ L, where L is an oxygen hole [17] . This three-hole state has a net spin of ½ and would formally correspond to Ni 3+ ( A way of verifying and visualizing this picture using band theory is to perform a projection of the NaNiO 2 electronic structure on a MO-based basis set. We note, however, that band theory is unable to fully capture the multi-determinant character of the spin singlet state in question and will underestimate the energy of the singlet as 1 4 approximation + U (LDA + U) [18] [19] calculation (on-site Coulomb repulsion U = 6 eV, Hund's exchange interaction J H = 1 eV for Ni-3d electrons [20] ) performed, like the rest of the calculations presented in this paper, using the linearized augmented plane waves method implemented in the Wien2k package [21] .
A ferromagnetic order of Ni magnetic moments, both within and between the Ni planes, is assumed for simplicity. The majority spin hole has a mixed character 
where M indicates an MO character of the wave function and k is the crystal 
Allowing for the k-dependence of the transformation matrix elements U ij (k) reflects the fact that an MO can be built from atomic orbitals nominally belonging to different unit cells. This is, for instance, the case for the oxygen-( In order to be suitable for use in effective models, MOs of this kind need to be orthonormalized first. As was originally shown by Zhang and Rice [1] , the k-vector dependent normalization factor β k , ( )
as obtained using the oxygen-a 1g MO given by ( ) 
which was used by us and our co-authors in [5] for analyzing the BaBiO 3 effective hopping parameters, does not have this divergence problem.
Comparison with Wannier Functions and Usage in Effective Models
It is important to recognize the fact that orthonormalization of a molecular or- 
Here, ψ k can be either an atomic or a molecular orbital Bloch function and ν is a band index running from band n to band m. On top of this construction, one may also apply the maximal localization [23] and the disentanglement [24] procedures. This is finalized by orthonormalization [Equation ( 3)] to determine β k . The resulting Wannier functions w k are convenient to use in effective models since the basis set size can be kept minimal but at the same time the LDA(+U) bands would remain well reproduced by the model's eigenstates. This approach is, for example, often used in regard to transition metal oxides in order to eliminate oxygen-p orbitals and derive a transition metal-d only based effective model. However, depending on how large and how strongly k-vector dependent β k is, such Wannier functions can be quite extended objects in real space with orbital contributions from many atomic shells. One disadvantage of using the Wannier functions w k [Equation (7)] in effective models is that most often it is not possible to fully control the degree of their spatial extension, even when attempts to optimize them through "maximal localization" have been made. This is a well-known problem for strongly localized In this situation, there would be no easy way to define properly the Hubbard interaction parameter U.
As an example of how much spatial extension a nominally maximally localized atomic Wannier function w k can have and how strongly it can be affected by covalence effects, let us consider Ni-3d orbitals in the charge-transfer gap insulator NiO. Figure 3 shows the NiO minority spin band structure calcu- In this case of correlated oxides where transition metal-d orbitals are strongly localized yet also subject to hybridization with oxygen-p orbitals, a way to improve on the localization of Wannier functions would be to also include oxygen-2p orbitals into the Wannier basis. This, however, may significantly increase the size of the Hilbert space required in model calculations. On the other hand, the increase can be much less dramatic if only the most important molecular combinations of oxygen-p orbitals are considered, such as the oxygen-(x 2 -y 2 ) or oxygen-a 1g in our earlier examples of NaNiO 2 and BaBiO 3 . Recently, this promising MO based approach has been successfully applied to calculate resonant X-ray spectral responses in rare-earth nickelates [3] . Another useful application would be to study systems with strong electron-phonon coupling, especially of the kind that strongly affects hybridization between cation and oxygen orbitals. There is, for example, a strong electron-phonon coupling of this kind in BaBiO 3 where the A 1g -symmetric (so-called "breathing") oxygen phonon mode is coupled to the hybridization strength between the Bi-6s atomic orbital and the oxygen-a 1g MO. The role of this coupling in the bismuthates' superconductivity has recently been a subject of intense theoretical research, both at the band theory [4] [5] [6] and also model Hamiltonians levels, the latter including conventional atomic orbital based models [26] as well as MO based ones [27] .
Strongly Correlated Molecular Orbitals (Na2IrO3 as an Example)
Since molecular orbitals are localized objects, electrons or holes occupying them may be subject to strong on-site Coulomb repulsion, where a site can now be a molecular orbital one and technically comprise more than one atomic site. From As an illustration, let us consider sodium iridium oxide Na 2 IrO 3 , a famous candidate Kitaev system [28] , with an unusual property that its Ir-5d orbitals hybridize in a way such as to form MOs on Ir hexagons [29] [30] . It is worth emphasizing that, in contrast with our previous examples, here MOs are formed out of cation instead of oxygen orbitals, which makes this case rather special. This becomes possible thanks to the larger spatial extent of the 5d orbitals, compared to that of the 3d ones, which leads to their larger nearest-neighbor hybridization, and also thanks to the peculiar geometrical arrangement of the IrO 6 octahedra. Figure 4 (a) shows the Na 2 IrO 3 DOS projected onto Ir-5d MOs, as obtained from a generalized gradient approximation [31] (GGA) calculation. Here, we would like to focus on the MO aspects of the Na 2 IrO 3 electronic structure and therefore neglect spin-orbit coupling effects, which one would otherwise need to also take into account. In this calculation, we assume a zig-zag order of Ir magnetic moments, shown in Figure 4 (b), since it is experimentally found to be the ground magnetic state for Na 2 IrO 3 [32] . As one can see from the GGA calculations, this magnetic order can be well described in terms of on-hexagon molecular orbitals. In particular, near the Fermi level we find a completely filled A 1g + E 2u MO and slightly filled A 1g − E 2u MO in one spin channel and an opposite situation in the other spin channel, with A 1g ± E 2u standing for linear combinations of MOs with the A 1g and E 2g symmetries. The connection between the zig-zag magnetic order and such peculiar MO occupations becomes For the local MO correlations to be treated properly (at least, in a mean-field sense), two approaches seem to be in place. In the first approach, one can first construct MOs via the unitary basis transformation of Equation (2) with the inter-site ones, which apparently must be similarly strong.
Conclusion
In summary, we presented our band theory perspective on some important as- proper band theory treatment of strong correlations between electrons or holes occupying molecular rather than atomic orbitals. In this context, we discussed the failure of the conventional atomic LDA + U method to capture the MO nature of the electronic states in Na 2 IrO 3 and outlined possible pathways towards a more adequate band theory based description. As the interest in better understanding of the role of molecular orbitals in complex oxides is growing, we expect that our current review will provide a useful reference for future studies.
